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^ | Abstract 

In this paper, we investigate the holographic descriptions of two kinds of black rings, 
the neutral doubly rotating black ring and the dipole charged black ring. For generic 
nonextremal black rings, the information of holographic CFT duals, including the central 
charges and left- and right-moving temperatures, could be read from the thermodynamics 
at the outer and inner horizons, as suggested in [TB]. To confirm these pictures, we study 
the extreme black rings in the well-established formalism. We compute the central charges 
Q-l of dual CFTs by doing asymptotic symmetry group analysis in the stretched horizon for- 

malism, and find exact agreements. Moreover, we study the superradiant scattering of a 
scalar field off the near-extremal black rings and obtain the scattering amplitudes, which 
are in good match with the CFT predictions. 
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1 Introduction 



The Kerr/CFT correspondence states that a four-dimensional Kerr black hole could be holo- 
graphically described by a two-dimensional conformal field theory (CFT) with equal central 
charges in left- and right-moving sectors. It is well-understood in the extreme case, which has 
only one horizon and vanishing Hawking temperature. In [I], the asymptotic symmetry group 
(ASG) of the near horizon geometry of extreme Kerr black hole (NHEK) was analyzed in the 
Barnich-Brandt-Compere (BBC) formalism [2]. Under suitable falloff conditions, the ASG of 
NHEK geometry form a Witt algebra (Virasoro algebra without central charge) classically, 
whose quantum version gives the Virasoro algebra with a central charge cl = 12J where J 
is the angular momentum of Kerr black hole. Moreover, it was found later that there exists 
another copy of Virasoro algebra with the same central charge [3111], which gives the right- 
mover of the CFT. In the extreme case, the excitations in right-moving sector of dual CFT are 
suppressed such that the right-moving temperature is vanishing, in accordance with the fact 
that the Hawking temperature of extreme Kerr is vanishing. The similar ASG analysis has 
been generalized to extreme Kerr and Kerr-Newman black holes in various dimensions [SJE] to 
find their holographic duals. Actually such kind of analysis can give only the central charge in 
the left-mover of dual CFT. However, it is believed that the central charge in the right-mover 
should take the same value. Further support of the Kerr/CFT correspondence for extreme 
Kerr black hole are found in the studies of the superradiant scattering processes [THlOj. For 
the nonextreme black holes, the Kerr/CFT correspondence is mainly based on the existence of 
the hidden conformal symmetry in the low- frequency scattering in the near horizon region [TTj . 
From the periodic identification on the conformal coordinates, the dual temperatures are read 
out, with which the macroscopic Bekenstein-Hawking entropy is reproduced and the scattering 
amplitudes are found to be in consistent with the CFT predictions [12] , However there is no 
derivation on the central charges of dual CFT. It is believed that the central charges should 
take the similar form as those of extreme case, provided that the central charges could be writ- 
ten in terms of "quantized" quantities like angular momenta and U(l) charges. For further 
details on Kerr/CFT correspondence and more complete references, see the nice reviews [13] , 
Very recently, it was found that there is close relation between the Kerr/CFT correspon- 
dence and black hole thermodynamics. It has been found for a long time that the existence of 
holographic descriptions of black holes is related to the fact that the area products of the outer 
and inner horizons are independent of these black hole masses [14H17] , In [6], it was shown 
that the CFT left-moving temperature could be got from the thermodynamics of the black 
hole in the extremal case. Moreover, in a remarkable paper [8], from the thermodynamics of 
outer and inner horizons of multi-charged Kerr black hole, the thermodynamics in the left- 
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and right-moving sectors of the dual CFT was discussed, from which the central charges were 
reproduced in the extreme limit. In our recent work [18], we investigated more carefully the 
thermodynamics of the inner horizon and its implication on the holographic description of the 
black hole. Under reasonable assumption, we proved that the first law of thermodynamics of 
the outer horizon always indicates that of the inner horizon. As a result, the fact that the area 
product being mass- independent is equivalent to the relation T + S + = TIjSL., with T± and S± 
being the Hawking temperatures and the entropies of the outer and inner horizon respectively. 
We showed that once the relation T + S+ = T^S- is satisfied, the central charges of two sectors 
in the dual CFT must be same. Furthermore from the thermodynamics relations, we read 
directly the dimensionless temperatures of microscopic CFT, which are in exact agreement 
with the ones obtained from hidden conformal symmetry in the low frequency scattering off 
the black holes, and then determine the central charges. This method works well in well-known 
cases in Kerr/CFT correspondence, and reproduce successfully the holographic pictures for 4D 
Kerr-Newman and 5D Kerr black holes. It seems that all the information on the holographic 
CFT dual for the black holes is encoded in the black hole thermodynamics. It is interesting 
to see if this is true for other kinds of black objects. 

Black ring is a special kind of asymptotically flat five-dimensional black object. Different 
from the usual five-dimensional Myers-Perry black hole, whose horizon has the topology of 
S 3 , the black ring horizon has the topology of S 1 x S 2 \j The first black ring was discovered 
in [19], which is a neutral singly rotating black ring along S 1 . Subsequently, various kinds of 
electric and dipole charged black rings [20H24] and neutral doubly rotating black ring [25] were 
constructed. A general charged black ring could have nine parameters, i.e. the mass M, two 
angular momenta J^, J^, three electric charges Qi,2,3 and three dipole charges (71,2,3- However, 
no such solution has been constructed explicitly. The black rings are similar to the black hole 
in many aspects: the area law of the entropy, thermodynamics, et.al. But the black rings 
present the first example of non-uniqueness of black objects in higher dimensional Einstein 
gravity. More details on black rings can be found in the reviews |26p27| and references therein. 

Just like that for multi-charged BPS black holes, there have been microstates countings 
for various extremal black rings by embedding the black rings into M5-M2 branes system in 
M-theory. These include the dipole black ring [21 j . BPS black ring [28, 29], neutral doubly 
rotating black ring [30] , a kind of electric and dipole charged black ring [31] and even a general 
charged nearly extremal black ring without explicit construction [32J. After the appearance of 
Kerr/CFT, there were trials of reproducing the entropy of black ring using ASG analysis. For 
examples, the BPS black ring in 5D N = 2 supergravity has been studied from different point 
1 ln this paper we denote the angle of S 1 as if) an d an angle of S 2 as <f>. 
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of views [33U34] . including Brown-Henneaux ASG approach [35], c-extremization approach [36] 
and the entropy function formalism [37]. One important feature of this supersymmetric black 
ring is that their near horizon geometry is locally AdS3, which is essential to make use of 
c-extremization approach. In this case, the near horizon geometry is very different from the 
NHEK geometry and also different from the those of black rings studied in this paper. 

In this paper, we would like to study the holographic descriptions of black rings in the 
framework of Kerr/CFT correspondence and inner horizon thermodynamics. Unlike the Kerr 
black hole, the CFT duals for general nonextremal black rings are unknown. It seems that we 
can get the dual CFT temperatures of a nonextremal black ring from the hidden conformal 
symmetry. But it appears that the scalar equation under the general black ring background 
cannot be variable separated, so the hidden conformal symmetry in the radial equation is 
missing. Nevertheless, it is possible to apply the thermodynamics method to set up the 
correspondence. In fact, in [18] we applied the thermodynamic method to the neutral doubly 
rotating black ring found in [25], and found that there is only one CFT dual picture with 
central charge = = 12 J^. In this paper we will verify this result using the conventional 
ASG methods. Also we will use the method to analyze the the dipole black ring found in [21] , 
and corroborate the effectiveness of the thermodynamics method. 

The remaining part of this paper is as follows. In Section we review the CFT dual of 
the doubly rotating black ring and verify the dual by analyzing the near horizon geometry of 
extreme black ring. In Section [3l we study the dipole black ring and set up its CFT dual. In 
Section [U we discuss the superradiant scalar scattering off the extreme black rings and find 
that the scatter amplitudes are in agreement with CFT prediction. We end with conclusion 
and discussion in Section [5) 

2 Neutral Doubly Rotating Black Ring 

In this section, we firstly review the properties of the neutral doubly rotating black ring, and 
then show the CFT dual for the nonextremal black ring from the horizons' thermodynamics. 
Finally we verify the black ring/CFT duality using the conventional ASG analysis. 
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2.1 Metric 

The neutral doubly rotating black ring was discovered in |25J . It has the metric of the form 

2 H(y,x) 2 F(y,x) 2 J(x,y) . . , 

F (?,y) M 2 | 2R 2 H(x,y) f dx 2 dy 2 \ 

H(y,x) 9 + { x -y) 2 {l-v) 2 \G(x) G{y) ) ' 1 ' j 

where the coordinates ranges are — oo < £ < oo, — 1 < x < 1, — oo < y < — 1, and the angles 

i/j, <f> have periods of 2tt. In (|2.ip . there are functions 

i + y 



n 



2RXyJ (1 + v) 2 - X 2 
H(y,x) 



1-X + u 

+ (1 - x 2 )y^d(t) 



1 + A - v + x 2 yi/(l - A - v) + 2zat(1 - y)) dtp 



G{x) = (1- x 2 )(l + Xx + ux 2 ), 
H(x, y) = 1 + A 2 - v 2 + 2Ai/(l - x 2 )y + 2xA(l - y 2 u 2 ) + x 2 y 2 u{l - A 2 - z/ 2 ), 

= ^ = ^ = ^ ^ [1 + A 2 - v 2 + 2(x + y)A*/ - syi/fl ~ A 2 - A\ , 
[x — y)(l — vy L J 

= U _ _ v) 2 I^X 1 ~ V 2 ) [(C 1 ~ ^ ~ a2 ) (* + ") + ^ - A 2 + 2^ - Zv 2 )] 

+G(y) [2A 2 + xA ((1 - v) 2 + A 2 ) + x 2 ((1 - v) 2 - A 2 ) (l + v) + x 3 A(l - A 2 - 3u 2 + 2u 3 ) 
-x\l-v)v(-l + X 2 + v 2 )]}. (2.2) 

The black ring is characterized by three parameters R, v, X, with R having dimension of length 
and is, X being dimensionless. There are constrains < v < 1 and ly/v < A < 1 + v in 
order to make the black ring regular. Following |18j we introduce the coordinate r = —1/y 
with < r < 1, in terms of which the outer and inner horizons at r± are determined by 
r 2 — Xr + u = 0. Both of the black ring horizons have the topology of S 1 x S 2 . The mass, 
two angular momenta, the entropy, and the Hawking temperature of the outer horizon are 
respectively 

2,irR 2 {r + + r_) 



M 



(1 _ r+ )(i _ r _ 



2nR?{r + + r_)(l + r + + r_ — 6r + r_ + r+r^ + r + r 2 + r+r 2 ) /(l + r+)(l + r 



(1 — r + )(l — r_)(l — r + r_) 2 y (1 — — r_) ' 

47ri2 3 (r + + r_ ) /r+r_(l + r+)(l + r_) 
(l-r+r_)2 Y (l-r+)(l-r_) ' 

_ 8^ 3 r + (l + r,)(r + +r_) _ (1 - r+r_)(l - r+)(r+ - r_) 

+ (l-r+)(l-r+r_) 2 ' + 8vri?r+ (1 + r_)(r+ + r_) ' { ' 



2 Here we use the convention that is a little different from that in [25], we use a mostly plus signature, and 
our coordinates cf>, ip are respectively ip, <j> therein. 
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When A 2 = Av, r + = r_, the black ring becomes extremal, and then 

6jrR 2 r + 



M 

(1 - r + y 

87rR 3 r 2 



(l + r + )(l-r + )3 J 
4irR 3 r + (l + 4r+ + r\) 
J ^ = (l+r+)(l-r+)3 ' 

5 = 2ttJ^, T = 0. (2.4) 
2.2 CFT from thermodynamics 

Using the thermodynamics of the nonextremal black ring, it was conjectured in [18] that there 
is a CFT dual for the doubly rotating black ring. The reader could see |18j for detailed 
analysis, or see the next section for the similar discussion on the dipole black ring. For a 
general nonextremal doubly rotating black ring, there is a dual picture in which the CFT 
has respectively the left-moving, right-moving temperatures and the central charges 

(1 — r + r_)(r + + r_) 



rp<p 

1 L 



1 R 



47ry / 'r + r_(l — r 2 _)(l — r 2 ) 
(1 — r + r_)(r + — r_) 



4vry r+r_(l — r+)(l — r 2 ) 
= 4 = 12 ^- (2-5) 



The entropy of the nonextremal black ring (|2.3|) could be reproduced by using the Cardy 
formula 

S=^(4Tt + 4T*). (2.6) 

Taking the extremal limit, we get the CFT dual for the extremal black ring with the temper- 
ature and the central charge 

T i = h c i = l2J ^ ^ 

Similar to the Kerr black hole the excitations in the right-moving sector is suppressed in the 
extreme limit such that = 0. 

Note that there is no picture corresponding to the rotation along ip. This is in accord 
with the fact that for the original black ring with only the rotation along ip there is no regular 
extremal limit and therefore no CFT dual corresponding to such U{1) symmetry. 

2.3 CFT from ASG analysis 

In this section we re-derive the extremal black ring/CFT correspondence (|2.7|) using conven- 
tional ASG analysis. There are two equivalent formalisms, the BBC formalism [TJ[2] and the 



stretched horizon formalism [38, 39j , to do such analysis. Here we just follow the treatment 
in 00]. 

In coordinates (t, r, x, <j), ip), the metric of the black ring could be written in the form 

ds 2 = -N 2 dt 2 + g rr dr 2 + g xx dx 2 + g mn {d(j> m + N m dt)(d<t> n + N n dt), (2.8) 
with m, n = (<fi, i/j), and 

N< j> _ 9t(j>9ipip — 9tip9<t>tl) 

2 ' 

9<j><f>94>4> — 9^p 

^ _ g<f><t>gt^ — gjnpgtcp 
g<M>9in/> - g% 

N 2 = -g tt +g mn N m N n . (2.9) 

Following [50] and for an extremal black ring, we expand all the quantities near the horizon 
and define 

N 2 = {r- r + ) 2 f 2 + G(r - r+f, 

N m = _ Q rn + (r _ + Q{r _ r+) 2 

/4 = / 2 //i, / m = / 3 m /4, m = ct>^. (2.10) 



Explicit calculation shows that 

fl 
/I 



(1 - r + ) 2 [(l + r 2 + )(l + x 2 ) + 4r + x] 

8r 2 (1 + r+) 2 (l + r + x) 2 
2R 2 r 2 [(l + r 2 )(1 + x 2 ) + 4r+x] 



(l-r 2 ) 2 (l+r+x) 2 

- _ U ~ r +) 2 f V _ n 
h ~ 4jRr 2 . /a - u, 

4Rr 2 
(1 - r+)^ 



We define the new coordinates 



e 

r — 7- r + + er, 
e 
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and take the limit e — > 0, then we could get the near horizon geometry of the extremal black 
ring 

ds 2 = a(x) (-r 2 dt 2 + ^] + (3(x)dx 2 + lmn {x){d<j) m + f m rdt)(d4> n + f n rdt), (2.12) 



where 



a(x) = /; 
= g, 



2 _ 2R 2 r%[{l + r 2 )(1 + x 2 ) + 4r+x] 
2 ~ (1 -r 2 ) 2 (l + r+x) 2 ' 

_ 2R 2 r\ [(1 + r 2 )(1 + x 2 ) + 4r+x] 



' |r - r+ (1 -r 2 )(l + r+x) 4 (l -x 2 ) ' 

_ 8fl 2 r 2 (l-x 2 ) 

r=r+ ~ (1 - r\ )[(1 + r 2 )(1 + x 2 ) + 4r+x] ' 
4i? 2 r+(l + 4r+ + r 2 )(1 - x 2 ) 

1H> = Mt=t + = (l_ r 2 )[(1+r 2 )(1+a .2 )+4r+a;] ' 

2R 2 h(r + ,x) 



70^> — gipip\r=rj r 



(1 + r+)(l - r+) 2 [(l + r\ )(1 + x 2 ) + 4r+x] ' 



with the function 



The area of the horizon at r = is 



where 

2 32it- 4 r 2 (l + r + )(l-x 2 ) 

7(x) = 7*7* " 7* = (i_ r+ )3 [(1 + r 2 )(1 + iB 2 ) + 4 r+x] - 



(2.13) 



h(r+,x) = 3 + 13r+ + 18r 2 - 2r 2 - r\ + r% + 8r+(l + r+) 3 x 

+ (1 - r+ - 2r 2 + 18ri + 13r^ + 3ri)x 2 . (2.14) 



A + = 4vr 2 / dxy/P(x)i{x) = 871-^, (2.15) 



(2.16) 



The geometry (|2.12p is a fibred- AdS2 space for fixed x, but the fibre is not simply a S . 
Such geometry appears also in the near-horizon geometry of extremal 5D Kerr or uplifted 
Kerr-Newman black holes. It was demonstrated in |4(J] that for the geometry (|2.12|) . there is 
always a CFT dual from ASG analysis, no matter in BBC formalism [HH], or in the stretched 
horizon formalism [381139] . In the doubly rotating black ring case, the CFT has the central 
charge 

4 = = (2.17) 

and from Frolov-Thorne vacuum the temperature of the CFT is 

Tf = -^72 = — • (2-18) 

L 2Trf<t> 2tt v ' 
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Because that = 0, there is no picture. 

It is remarkable in |30j , a microstates counting of a doubly rotating extremal black ring has 
been proposed by mapping the black ring to a black string. Obviously, the treatment there is 
very different from ours. 

3 Dipole Black Ring 

In this section we apply the analysis in the last section to the dipole black ring. We find that 
the J^p picture appears due to the existence of the dipole charge. 

3.1 Metric 

There are general solutions with three unequal dipole charges, (gi, q2, <&), but for simplicity 
we just consider the case of equal dipole charges qi = q2 = Q3 = <?• The dipole charged black 
ring was constructed in [21], and its metric is of the form 

ds 2 = - ^v]H(x) ( dt + c ^ x)R }_+y_ d ^ 2 + _J^_ Fix)H{x)H{y) 2 

(3.1) 



F(x)H(y) V V ' ' F(y) ) [x-yf 

G ^ d ^ d y 2 i Ax% | °( x ) ^ 



F{y)H{yf Y G{y) G(x) F(x)H{x)' 
with the functions 

F(0 = 1 + A£, G(0 = (l-e 2 )(l + ^), 



H(£) = l-rt, C(v,\) = yJ\(\-u)±±j. (3.2) 

The coordinates — 1 < x < 1, — oo < y < —1. 

There seems to be four parameters (R, A, v, fi) in (|3.ip to characterize the solution, but 
there is actually a redundancy: the relation 

l + A \l + uj \l + fij V ' 

must be satisfied to have a regular spacetime. The parameter R has the dimension of length, 
and the other dimensionless parameters are in the ranges 

0<z/<A<l, 0< / u<l. (3.4) 

The black ring has outer and inner horizons located at y+ = — \jv and y_ = — oo respectively. 
The angles ((ft, ift) have the periods 



*-^-J±±MEmEE. (3.5) 
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The dipole black ring (J3JJ) is characterized by three physical quantities, the mass M, 
the angular momentum along S 1 , and the dipole charge q. For convenience we scale 
q — y ( 2 ^_ g, and so &± — > j^tjl The re-scaled g is the number of M5 branes from 
M-theory point of view, and thus must be an integer. The mass, the angular momentum and 
the dipole charge of the ring are respectively 

3vri? 2 (l + ^) 2 (A + /i) 



M 



4 1 - 

irR 3 (1 + /i) 4 
2 (1-„)J 



^ = n „ ^ V / (1 + ^)A(1 + A)(A-^), 



g = ( 27r) V3fll±^ >(M + »0(l-A) > (3 6) 

and the Hawking temperature, the entropy, the angular velocity and dipole potential at the 
outer horizon are 



1 + / 1-A 



47T.R // + i/ V + z/)A(l + A) ' 

;(l+^) 3 (^+^) 



5+ = 2ff2 ^ (i+7) ( r-^ V ^ + ^( 1 - A2 )' 

^ = / A — z/ 

+ Rl + fiV (1 + /x)A(l + A) ' 



SttA , , / ^(l — //)(! — A) 
$+ - 2727jW (1 + ^ • (3 ' 7) 



The corresponding quantities at the inner horizon are [5T 



1 v 1-A 



AirRfiV fi(l + A)(A — v) 



iM(l + /x) 



3 



2vr 2 i? 3 ^^v / Ml-A 2 )(A-,), 
A 




l + /x)(l + A)(A 



l + /x (1-^(^ + ^(1 -A) 
$ - = 2(2vr)V3l_,y £ • ( 3 - 8 ) 

With the quantities above, we can verify the relation 

S + S- = 4^ 2 J l/) g 3 , (3.9) 

in [JTJ and T + S + = T-S- proposed in [18]. The above relation suggests that there are 
J0 picture corresponding to the conserved angular momentum and possibly the dipole q 
pictures to describe the dipole black ring holographically. Here we focus on the picture and 
discuss the existence of q picture in Section [5j 
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3.2 CFT from thermodynamics 

It can be easily verified that there are Smarr formulas for the outer and inner horizons based 
on Euler's law of homogeneous functions 



^(-T_S_+^) + i$ 



which are equivalent to the thermodynamics of the outer and inner horizons 

dM = T + dS+ + n^dJ^ + <S>+dq 



T_dS- + nldJ^p + § + dq. (3.11) 



Following (TFj, we define new quantities 



1 1 1 

± 



T R , L T + T_ ' 
[S+ T S- 

nl/T+±nt/T. 



iL R,L 



VTr,l 



.^- '^ *-/*-- , (3,2, 
l l J-R,L 

we get the Smarr formulas and the first laws of the left- and right-moving sectors 

M = 3(T R S R + np^) + $ R q 

= 3(T L S L + np4,) + $ L q, (3.13) 

1 



-dM = T R dS R + nyj^ + <S> R dq 



T L dS L + nldJ^ + <S> L dq. (3.14) 



Explicitly, we have 

+ 1 /1-A 



T R 



L 



Sr,l = tt R 



4ttR + z/)3/2 ± (1 + z/)^ 3 / 2 ^A^ V 1 + A ' 

(^ + z,) 3 / 2 ^ T (l + ^ 3/2 ^ 



3K i + f ,fVT^ 



{l + v){l-vf V 

i i (/i + ^VA^+q-^y/VA 

R>l 2R (1 + ^)3/2^T^A (/i + Z/)3/2^A ± (1 + z/)// 3 / 2 VA^ ' 



3tt^ 1 + \i (1 - v)(n + ^)V^A ± (1 + t/)/J + z/)(A - g , _ _ 
fl ' L 4(2tt)V3 1-i/ ( /U + l ,)3/2VA±(l + ^V 3 / 2 VA^ Vl ^ J ' 
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Setting dq = in (|3. 11 [) . we get 



with the temperatures of dual CFT in the picture 



dJ* = TfdS L - TUS R , (3.16) 



Tf 



Tlr {l + rf 12 ^ + vf/ 2 ^\±(l + v)^ 2 ^D 



■ L > R n%-nf~ 47T/i3/2 + „)3/2 y /Y=\ 

From the Cardy formula 



(3.17) 



7T 



2 



Sl,r = Y ct R Tl R , (3.18) 



we could derive the central charges 

12^R 3 (1 - A)^/ 2 (l + ^) 3 / 2 Gu + vf' 2 y/T+\ 



6q 3 , (3.19) 



(l + i/)(l -v) 2 

which is exactly the same central charges suggested in [21,28.29. 311434] for the extreme dipole 
black ring. Therefore, we conjecture that a generic nonextremal dipole black ring 13. 1\) is holo- 
graphically described by a 2D CFT with the central charges c£ = c^ = 6g 3 and the temperatures 

In the extremal limit v = 0, the central charge and the temperature become 
3.3 CFT from ASG analysis 

In this subsection, we reproduce the picture (|3.20p from ASG analysis of the near horizon 
geometry of extremal dipole black ring. Firstly, we define new angles 

t 2vr ~ 2vr , . . 

* = 5** * = a** (3 - 21 » 

which have the period of 2tt. We also define r = —1/y, then the extremal ring has merging 
horizons at r = 0. In the new coordinates (t, r, x, cj>, ip), the metric can be written as 

ds 2 = -N 2 dt 2 + g rr dr 2 + g xx dx 2 + g^tty 2 + (# + N^dt) * , (3.22) 

with 

N 2 = -g tt + 9 ^ - - 9 ™ 



A(p\ 2 /A-i/A 2 



AV> 
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Following [40J, we expand the metric at the horizon 



N 2 =r 2 ff + 0(r) 3 , 

g rr = !i + 0( l - 



Explicit calculation gives 



= -nf+rfi + 0(r) 2 , 
h = h/h, f^ = ffh. (3-24) 

2= (1 - X)(l - fix)(l + Xx) 
Jl mA(1 + A) 

fi = R 2 fj 2 (l- f ix)(l + Xx), 
A 1 1 - A 1 



R X (l + ^) 3 / 2 VrTA' 



We define the transformations 



/4 X 7 7, ^+/4 



i -)• r ^ er, ^ ->■ V> + ( 3 - 26 ) 
and take the limit e — >• 0, and then we get the near horizon geometry of the ring 

/ (] r 2 \ 

ds 2 = a(x) {-r 2 dt 2 + ^ T J+ P(x)dx 2 + J^d4> 2 + 7 ^(# + A*) 2 , (3-27) 



with 



a (x) = fl = R 2 fi 2 (l - (jlx)(1 + Ax), 

itV(l-/xx)(l + Ax) 

P(X) = r=0 = : o ■ 

1 — X z 



9^J,\r=0 



i?V(i + a0 3 (i- A)(l-x 2 ) 



(1 - /ix) 2 
fi 2 (l + /i) 3 A(l + A)(l-/ix) 
7^-^|r=o- ^(i + Ax) 

As now there is no rotation along <fi, the near horizon geometry is simpler. For fixed x, it is a 
product of a warped AdS3 and a S* 1 , with the warped AdS3 being a AdS2 with a U(l) fibre. 
The horizon area is just 

■ i 



(2vr) 2 J dxy/pixh^-y^ = 8n 2 R 3 ^/ 2 (l + ^) 3 \/ A(l - A 2 ). (3.28) 
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For the geometry (|3.27p . the U(l) symmetry in the fibre could be enhanced to a Virasoro 
algebra with a central charge. From [40] . we know the central charges and the temperature of 



This is in exactly agreement with the results (|3.20p from the thermodynamics, and of course 
in match with the results in [2HEHE3EIHS] . 

4 Superradiant Scattering 

When we consider the scattering off an extreme Kerr black hole, the perturbations induce 
the infinitesimal excitations and the black hole is not exactly extreme and actually becomes 
near-extremal. Correspondingly the right-moving sector in the dual CFT gets excited, but 
its temperature is still infinitesimal small. In this situation, if the scattering is very near the 
superradiant bound, it could be understood as the scattering off the near-NHEK geometry. It 
is remarkable that the scattering amplitudes are in good agreements with the CFT predictions 
[7T-HUJ . In this section, we consider the same issue in the context of black rings. But actually 
our analysis is quite general and could be applied to all kinds of five-dimensional black rings 
and black holes that have regular outer and inner horizons. We firstly show how to get the 
near horizon geometry of a near extremal black ring, and then analyze the scattering of a 
massless scalar under the geometry. 

4.1 Near horizon geometry of near extremal black ring 

We start from a general metric for a five-dimensional black hole or black ring 



the dual CFT 



3/^ A 
2vr 



127T.RV (1 + ^) 3/2 (l - X)VTTX = 6q 3 




(3.29) 



ds 2 = -N 2 di 2 + g„df 2 + g xx dx 2 + c^(# + N^di) 2 + g^{dip + N^di) 2 




Note that we have denote the coordinates as (t,f,x,(j),ip). We consider the case when the 
black ring or black hole has two horizons located at f = r±, then we have 



N 2 = f 2 (r-r+)(r-r-), 



/I 



(f — r + )(r — r_) ' 



= -nj + (f - r + )f$ + 0(r - r+) 2 , 
N ^ = _ n f + (r_ r+ )ff + (f-r + ) 2 , (4.2) 
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with fx, fi being regular functions of (f,x) at the horizons r±, and f$, ff being 

constants. After imposing the nearly extremal condition 



r + - r_ = er , 



(4.3) 



with ro being finite and e being infinitesimally small, we get the Hawking temperature at the 
outer horizon 



er 
2vr/ 4 



(4.4) 



with /4 = j^\f. =r+ being a finite constant. Following [7J[9|, we may define the new coordinates 



as 



f = ^t, 
e 

r = r + + £7", 
6 = 6 + -±±± 



+ Fr \t, 



= ip + 



(4.5) 



with = fff±, = fffi- We take the limit e — > and get the near horizon geometry of a 
five-dimensional nearly extremal black ring 

dr 2 



ds = a(x) 



-r(r + 2r )dr + 



+ (5(x)dx 1 



r(r + 2r )_ 

+ 7<w(x)[# + /*(r + r )dt} 2 + ^(x)[diP + f^(r + r )dt} 2 
+ 2 1 ^{x)[d6 + f+( T + r )df][# + f{r + r )dt]. 



(4.6) 



The geometry can be viewed as a nonextremal black hole with the outer horizon located at 
r = with the Hawking temperature, and the angular momenta 



■Fro, 
-Fr . 



(4.7) 



Note that the Hawking temperature of the original geometry (|4.4p T + is infinitesimally small, 
but the temperature of the near horizon geometry T + is finite. This is due to the redefinition 
of the time (14.51) . and in fact 

(4.8) 



T, = i±f. 
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When we consider the scattering off the geometry (|4.ip . the wave- function could be ex- 
panded in terms of e ~ tult+ ' irn 4>'t >+in ^ since the translation along i, (f>, if) are isometries of space- 



time and u},m^,m^ are well-defined quantum numbers. For the geometry (|4.6p . we may do 
similar expansion and make the identification 

which gives us the relation between the original quantum numbers (w,m^,m^) and the new 
quantum numbers (w,m^,m^) in the near horizon geometry 

uj - m^lt r - m^W^_ = ^- (uj - m^n^ - m^fi^J . (4-10) 

If we choose uj, m^, to be finite and in the superradiance region of near horizon geometry 

uj < m^fi^. + m^Q+, (4-11) 

then we always have w,m},mt near the superradiant bound of the original geometry 

w~mfl% + m^l%. (4.12) 

It can be verified that the Boltzmann factors of the original and near horizon geometries are 
equal 

T + . (4.13) 



















= e 






"R 









the CFT temperatures 

Tt = 1 Tt = 1 T R = — (4 14) 

This is in accord with the result in Kerr case 
4.2 Scattering amplitudes 

Let us consider the scattering of a massless scalar field in the near horizon geometry 
The equation of motion for a massless scalar $ is 

1 



=d li y/^g^d v ^ = 0. (4.15) 

v-g 

Expanding the scalar as 

$ = R( r )X(x)e- iult+im ^ +im ^ , (4.16) 
16 



we have the radial equation 



d r r(r + 4mT R )d r R{r) + 



(TiTtoj + TtT Rm<i> + TtT R m^ 



-R(r 



£T£uj - T^ j T R m^ > - T£T R m^ 
^TfTfT R (r + 2r ) 



-R(r) = AR(r) 



(4.17) 



and the angular equation 

-d x A (x)H —2 c^A (x) ("^700 + m^7^ - 2m ( f ) m^ H ) X (x) = KX(x) 

P ^P T T 

(4.18) 

with the prime denoting d x , 7 = 7^7^ — 7^, and the separation constants 



47r 2 rf 

Explicitly, for doubly rotating black ring, the angular equation is 

(1 + r ^ l( l-^I W (l + 4)(l + * 2 ) + 4r + * 



(4.19) 



1 -H 



2(1 + r+) 4 (l + r+x) 2 



2 2 



,, , 2 N 2 h(r + ,x) 

-m^r+Cl + 4r+ + r + ) + — -— — — 



A(x) = (4.20) 



with h(r + , x) defined as (|2.14p . and for dipole black ring it becomes 



d x (i-x 2 )d x x(x) 



1 + Ax 



2/ U 3 (l + Ax) 2 (1-//X) ; 



X(x) = KX{x). (4.21) 



^ A(l + A) ' "" (1- A)(l-x 2 ) 
Even though the scalar equations in ordinary black ring background is impossible to be 
variable-separated [26], the scalar equations are separable in the near horizon geometry. 

Solving the radial equation (|4.17p . we get the solution with the ingoing boundary condition 
at the horizon 

R(z) ~ z^(l - z) h F(a, b; c; z), (4.22) 



with the definition 



1 



r + 4irT R 



h = \±J\ + A, 



mjp oj 



4ttT£ AttT^ ^T r 



a = h — i- 



'2i.Tr' 

. ms . m^h 
b = h — i ^—r — i- 



2-kTI 2irTf ' 



c = 1 — 2ij. 



(4.23) 
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As 



with 



oo, we have 



R(r) ~ Ar h ~ l + Br 



,-h 



A _ r(2h-i)T(c) B _ r(i-2/ i )r( c ) 



T(a)T(b) ' T(c- a)T(c-b) 

After identifying the CFT conformal weights and charges as 

hL = h R = h, u\ = m^, uif = m^, ujr = uj. 

We get the retarded Green function and absorption cross section as [TO 



(4.24) 
(4.25) 

(4.26) 



G R 



D 
1 



sin[-7r(/i£ + i 



T(h L +i 



r(h R + i 



G ~ 



IuiGr ~ sinh 




)] sm[n(h R + i 



2ttTr' 



UR 



2ttTr) 



(4.27) 



T(h L + i 



T(h R + i 



2ttT r ) 



Remembering that 



UJ, 



+ 



1p 



(4.28) 



(4.29) 



L L 

we see the effect of superradiance. 

At first looking, the above relation is not consistent with the CFT prediction, as there 
seems to be two left-temperatures in the expression. However, it should be understood in an 
appropriate way. Firstly, for the two black ring cases we have been discussing, they are in 
good agreement with CFT predictions, as there is only one possible CFT dual. Actually in 
doubly rotating case there is only J^-picture with l/T^ = such that the above relation could 
be simplified. Similarly for the dipole black ring, there is only picture with = 0. 

Secondly, for the possible general black ring, 5D Kerr black hole, or uplifted Kerr-Newmann 
black hole, the interpretation of the above relations should be careful. Recall that in discussing 
the scattering amplitudes of low-frequency scattering, the hidden conformal symmetry only 
become manifest when we turn off some quantum numbers and keep only one of them, the 
angular momentum or the U(l) charge. This suggests that when we let or 7tu vanishing, 
we have scattering amplitudes in well match with the CFT predictions in or picture. 
On the other hand, the existence of both quantum numbers are permitted. In this case, the 
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dual picture is related to the or picture by an SL(2,Z) transformation - More 

explicitly, the SL(2, Z) symmetry of the CFT duals comes from the redefinition of the angles 



a b 

if) J V tp' J \ c d J \ tp 



with 

a b 



(4.30) 



,€SL(2,Z). (4.31) 
The invariance of the combination m^cj) + m^ip requires that 

( m<p n-ty ) -> ( m0/ m^i ) = ( rrhj, ) ( ^ b ) . (4.32) 



-c o 

In the SL(2, Z) symmetry, the temperatures of the two CFT dual pictures transform as 

f \ / a b \ ( 1/Tt 
l/Tf ) \c d){ l/Tt 




(4.33) 



Remembering (|4.26p u L = m^, u L = m^, we see that the combination — | H — |-, which appears 
in the retarded Green function and absorption cross section (|4.27p . is invariant under the 
SL(2, Z) transformation, viz. that 

6 ib 6' ib' 

bJ L UJ L UJ L U L 

^ + = ^ + T^p '■ (4.34) 

L L L L 

Setting cj^ or uj^ vanishing, we get the the retarded Green function and absorption cross 
section of CFT dual in the ip' or <j)' picture . Note that for the near extremal black hole or 
black ring, the right-moving frequency uir and temperature Tr are the same for both and 
ip pictures, and is invariant under the SL(2, Z) transformation. 

5 Conclusion and Discussion 

In this paper we discussed the holographic CFT duals for two kinds of black rings, i.e. the 
neutral doubly rotating black ring and the dipole charged black ring. We first calculated the 
dual CFT central charge and temperatures of the extremal doubly rotating black ring, and 
found that it agrees with the extremal limit of the ones got in [18] using the thermodynamic 
method. Moreover, we investigated the CFT dual for the dipole black ring from different points 
of view and found consistent picture. Furthermore, we discussed the superradiant scattering 
off the extreme black rings and found the scattering amplitudes to be in good match with 
CFT predictions. As a byproduct, we got the superradiant scattering amplitudes for the 5D 
Kerr and uplifted 5D Kerr-Newman black holes, which shows the SL(2,Z) symmetry. 
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The study in this paper shows that the thermodynamics method is an effective way in 
setting up the nonextremai biack hoie/CFT correspondence. Up to now, we only know that it 
works well by scrutinizing concrete examples, but we do not know why it works from the first 
principle. Definitely it needs further intense study. In particular, it would be nice to check 
our conjecture on non-extremal black rings by some other ways. 

It seems that for every charge that appears at the first law of thermodynamics there is a 
corresponding CFT dual. For example, if we have the first laws at the outer and inner horizons 

dM = T + dS+ + <Z>+dQ + ■■■ 

= -T_d5_ + ••• , (5.1) 

with Q being a general charge and &± being corresponding potentials. The first laws could be 
written as 

^dM = T L dS L + $ L dQ + ■ ■ ■ 

= T R dS R + $ R dQ + • • • , (5.2) 

As long as $l 7^ <3?r, we could set the other charges be zero and get the temperatures of CFT 
in the dual Q picture. If this is the case, then from (|3.14p . there seems be a dipole picture for 
the CFT dual for the dipole black ring. But we have no idea how to set up the dipole picture 
from conventional method. This is a question that deserves further research. Also, there are 
other kinds of charged black rings, and it would be nice to see how the CFT duals behave 
using the thermodynamic method and how these duals be derived by conventional methods. 
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